VIRTUAL BETTI NUMBERS OF REAL ALGEBRAIC VARIETIES 



CLINT MCCRORY AND ADAM PARUSINSKI 

Abstract. The weak factorization theorem for birational maps is used to prove that for 
all i > the ith mod 2 Betti number of compact nonsingular real algebraic varieties has a 
unique extension to a virtual Betti number /3i defined for all real algebraic varieties, such 
that if y is a closed subvariety of X, then i3i{X) ^ (3^{X \ Y) + /3i(F). 



We define an invariant of the Grothendieck ring Ko{Vm) of real algebraic varieties, the 
virtual Poincare polynomial P{X,t), which is a ring homomorphism Ko{Vm) TL\t\. For X 
nonsingular and compact, f3{X,t) is the classical Poincare polynomial for cohomology with Z2 
coefficients. The coefficients of the virtual Poincare polynomial are the virtual Betti numbers. 
By the weak factorization theorem for birational morphisms (Abramovich et al. [Q]), the 
existence of P{X, t) follows from a simple formula for the Betti numbers of the blowup of a 
compact nonsingular variety along a closed nonsingular center. The existence of the virtual 
Betti numbers for certain real analytic spaces, including real algebraic varieties, has also been 



announced by Totaro |23]. 



Kontsevich's motivic measure on the arc space of a complex algebraic variety takes values 
in the completion of the localized Grothendieck ring (c/. [20|, [0], |^). Completion with 



respect to virtual dimension is possible because complex varieties which are equivalent in the 
Grothendieck ring have the same dimension. Using the virtual Poincare polynomial we prove 
that dimension is an invariant of the Grothendieck ring of real algebraic varieties. It follows 
that motivic measures can be defined on arc spaces of real varieties. 

By a real algebraic variety we mean an algebraic variety in the sense of Serre [^] over 
the field M of real numbers. For our purposes there is no loss of generality in restricting our 
attention to affine real algebraic varieties; over R every quasiprojective variety is affine. For 
background on real algebraic varieties we refer the reader to P]. 



1. Generalized Euler characteristics 

Definition 1.1. The Grothendieck group of real algebraic varieties is the abelian group gen- 
erated by symbols [X], where X is a real algebraic variety, with the two relations 

(1) [X] = \Y] if X and Y are isomorphic, 

(2) [X] = [X\Y] + [Y] if y is a closed subvariety of X. 

The product of varieties induces a ring structure 

(3) [X] ■ [Y] = [XxY], 
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and the resulting ring, denoted by Kq{Vm.), is called the Grothendieck ring of real algebraic 
varieties. The class of a point is the unit of KoiVM.)- The zero element of KQiVm.) is the class 
of the empty set. 

Definition 1.2. A generalized (proper) Euler characteristic of real algebraic varieties, with 
values in a ring i?, is a ring homomorphism e : K^iy^) — > R. In other words, for all varieties 
X and y, 

(1) e{X) = e{Y) if X and Y are isomorphic, 

(2) e{X) = e{X \Y) + e(Y) if y is a closed subvariety of X, 

(3) e{X xY)= e{X)-e{Y). 

The Euler characteristic with compact supports Xc is an example of such a homomorphism. 
In fact the only generalized Euler characteristics which are homeomorphism invariants are 
constant multiples of Xc {cf- H^)- The standard Euler characteristic x does not satisfy the 
additivity property |1.2| (2) for real algebraic varieties, and hence it is not a generalized Euler 
characteristic. 

For example, let X be the unit circle in the plane, and let y be a point of X. Then 
xiX) = 0, but x{^ \ ^) = 1 and xiY) = 1. On the other hand, Xc{X) = 0, xdX \ y) = -1 
and Xc{Y) = 1- 

There are several ways to view the Euler characteristic with compact supports. By defini- 
tion XciX) is the Euler characteristic of the sheaf cohomology of X with compact supports, 
with coefficients in the constant sheaf Z. (Below we use coefficients Z2, the integers mod 2.) 
We denote by Hl{X) the ith cohomology of X with compact supports. Classical cohomology 
has arbitrary closed supports. Property |1.2| (2) for Xc follows from the long exact cohomol- 
ogy sequence of the pair {X,Y) (||l5|, 4.10). If X is triangulated then the sheaf cohomology 
of X with compact supports is isomorphic to the simplicial cohomology of X with compact 
supports. 

For coefficients in a field the ith cohomology of X with compact supports is isomorphic 
to the ith Borel-Moore homology of X (|5[, 3.3). Thus Xc(X) is also equal to the Euler 
characteristic of the Borel-Moore homology of X. Borel-Moore homology has arbitrary closed 
supports. Classical homology has compact supports. If X is triangulated the Borel-Moore 
homology of X is isomorphic to the simplicial homology of X with closed supports {i.e. using 
possibly infinite simplicial chains). If X is a compact space containing X such that X is 
triangulated with X \ X as a subcomplex, then the Borel-Moore homology of X is isomorphic 
to the relative simplicial homology of the pair {X,X \ X). Every real algebraic variety X 
admits a compactification with such a triangulation {cf. [p!9| , |17], Q). 



Let X be a compact nonsingular real algebraic variety and let C be a closed nonsingular 
subvariety of X. Denote by Bl^X X the blow-up of X with center C and by E the 
exceptional divisor. Then since Blc X \ E is isomorphic to X \ C, we have 

(1.1) [BlcX]-[E] = [X]-[C]. 

Bittner |^ has proved using the weak factorization theorem of Abramovich et al. [Q] that one 
may replace [L1|( 2) in the definition of the Grothendieck ring by ( |l.lj ). The following result is 
equivalent to Bittner's, and our proof is a reorganization of hers. 
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Theorem 1.3. Let X ^ e(X) he a function defined on compact nonsingular real algebraic 
varieties with values in a abelian group G, such that e{X) = e{Y) if X and Y are isomorphic. 
Suppose that e(0) = and for any blow-up Blc X X, where X is a compact nonsingular 
real algebraic variety and C C X a closed nonsingular suhvariety, with exceptional divisor E, 

e{B\cX) - e{E) = e{X) - e(C). 

Then e extends uniquely to a group homomorphism Kq{Vm.) G. 

If e takes values in a ring R and e{X xY) = e{X) ■ e{Y) for all X, Y compact nonsingular 
then this extension of e is a ring homomorphism i^'o(ViK) R. 

Proof. First we note that if X is the disjoint union of the compact nonsingular varieties Y 
and Z, 

X = YUZ, 

then 

e{X) = e{Y) + e{Z). 

For the blow-up of X with center C = Y is Z, and the exceptional divisor E is empty (c/. 
g, p. 78 et seq.). 

We prove the following statement by induction on n: 
(En) There is a unique map X (pn{X) £ G defined on varieties of dimension < n such that 

(a) (pniX) = ^n(Y) if X andY are isomorphic, 

(b) ^PniX) = e{X) for X compact and nonsingular, 

(c) ipn{X \ ^) = Vn{X) — '^n{Y) if Y is a closed subvariety of X . 

The case n = is trivial. Suppose (En-i) holds. If dimX < n — 1 then we put ipn{X) := 
(pn-iiX). If dimX = n then ipn{X) is defined follows: 

(i) Let X be nonsingular and let X be a nonsingular compactification of X. Then 

MX) ■.= e{X)-ipn{X\X), 

(ii) Let X be singular and let X = |J Si be a stratification of X. Then 

(pn{X) := y^^ipnjSi). 

Here by a nonsingular compactification of the variety X we mean a compact nonsingular 
variety X which contains a subvariety U isomorphic to X such that the Zariski closure of U 
in X equals X. 

By a stratification S = {Si} of X we mean a finite disjoint union X = \_\Si where each 

stratum Si is a locally closed nonsingular subvariety of X. Denote by Si the Zariski closure 

^ 

of Si in X. We also require that, for every stratum Si, the set Si \ is a closed algebraic 
subvariety of X which is a union of strata of S. 

First we show that the definition (i) of <pn{X) for X nonsingular is independent of the 
choice of compactification. Let X and X' be two nonsingular compactifications of X. Then 
X and X' are birationally isomorphic. By the weak factorization theorem there is a finite 
sequence of blow-ups and blow-downs with nonsingular centers joining X and X': 

X < Xi > X2 < • • • > Xk-1 < Xk > X' 
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Thus to prove independence we may suppose that X' = Bl^X, where C is nonsingular and 
C n X = 0. Let E denote the exceptional divisor. Then 

e(X') - ^n{X' \ X) = e{X') - ^,,{E) - ^n{X' \X\E) 

= e{X') - ifniE) - ifniX \X\C)= e{X') - ipn{E) + (^„(C) - ipn{X \ X) 
= {e{X') - e{E) + e{C)) - ipn{X \ X) = e{X) - ipn{X \ X). 

Next we show that (pn{X \Y) = ipn{X) — ifniX) for X and Y nonsingular. Let X be a 

nonsingular compactification of X. Let D = X\X. (It is not necessary to assume that D is a 
_ 2 

divisor in X.) First consider the case X\Y = X, i.e. Y contains no irreducible component 
of X. Since dimF < n, we have 

MX \ Y) = e{X) - ipn{D UY)= e{X) - ^D) - ^Y) = ^X) - ^Y). 

The next case is when Y is the union of some irreducible components of X. Let Y denote 
the Zariski closure of Y in X. Clearly F is a union of irreducible components of X. Let 
W = X\Y. Then 

MX\Y) =e{W)-MDr\W) 

= e{X) - e{Y) - ipn{D) + nY) = ipn{X) - ipn{Y). 

In the general case we denote by X' the union of the irreducible components of X contained 
in Y and by X" the union of the remaining irreducible components. Let Y" = Yn X" . Then 
by the above cases 

MX \ Y) = MX" \ Y") = MX") - My") 

= MX) - MX') - (MY) - MX')) = MX) - My)- 

In particular, suppose X is nonsingular, dimX < n, and let X = \_\Si he a stratification 
of X. Let So be a stratum of smallest dimension. Then 5*0 is a closed nonsingular variety of 
X and hence 

Mx\So) = Mx)-MSo). 

Since X\ Sq = Usj^So '^i again a stratification, by induction on the number of strata we 
have 

MX) = ^(^n('S'i). 

Let X be an arbitrary singular variety with dimX < n. Consider two stratifications 
X = \_\Si, X = \_\Sj of X. Suppose the second stratification refines the first; that is, each 
stratum Si is a union of strata Sj. Then by the additivity of for nonsingular varieties, 
we have J2 ^n{Si) = ipn{Sj). In general, given two stratification of X there exists a third 
stratification refining both of them. This shows that the definition (ii) of ipn{X) is independent 
of the stratification. 

We now show the additivity (c) of ipn- Suppose dimX < n, and let y be a subvariety of 
X. There exists a stratification of X such that y is a union of strata. So the additivity of 
(fn follows from the additivity of ipn for nonsingular varieties. This completes the inductive 
proof of (En). 
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Clearly the (pn defined above, n > 0, give a unique extension of e to a group homomorphism 
(p : K^iy^ G. If e is a ring homomorphism then it is easy to see from (i) and (ii) above, 
by induction on dimension, that if is also a ring homomorphism. □ 

2. The virtual Poincare polynomial 

Let X be a nonsingular compact real algebraic variety, and for i > let bi{X) be the ith 
Betti number with Z2 coefficients, 

biiX) = dimz, H\X; Z2) = dim^, Hi{X; Z2). 

Proposition 2.1. Let vr : BIq X ^ X be the blow-up of the nonsingular compact variety X 
with nonsingular center C C X. Let E denote the exceptional divisor. Then, for all i, 

bi{B\cX) - bi{E) = bi{X) - b,{C). 

Proof. Without loss of generality we may assume that X has pure dimension n and dim C < n. 

Let X = BlcX. Recall that //*(X;Z2) denotes the ith. mod 2 cohomology of X with 
compact supports. Since X \ E ~ X \ C, the diagram of long exact sequences of closed 
embeddings 

••• -^W-\E-Z2) -^Hi{X\E;Z2) -^H\X-Z2) -^H'{E;Z2) -> • • • 



••• -^W-\C;Z2) -^Hi{X\C;Z2) -^W{X;Z2) -^W{C]Z2) -> • • • 
induces (by a diagram chase) a long exact sequence 

(2.1) > H'^\E;Z2) ^ H\X-Z2) ^ H\C-Z2) H\X-Z2) H\E-Z2) ■ ■ ■ . 

Let fix G Hn{X; Z2) denote the fundamental class of X. We have 7r*(/Uj^) = fix- Hence by 
Poincare duality vr* : H'{X;Z2) H'{X;Z2) is injective for all i > 0. (Let a G H'{X;Z2). 
Now 7r*(7r*a ^ fj,j^) = a vr^/i-^ = a ^ fix- Thus TT*a = implies a - fix = 0, so a = by 
Poincare duality.) This shows that (^]^) splits into short exact sequences 

^ H\X; Z2) ^ H'{C; Z2) H\X; Z2) ^ H'{E; Z2) ^ 0, 

so 

b^iC)+b,iX) = b^iX) + biiE), 
as desired. □ 

Corollary 2.2. For each nonnegative integer i there exists a unique group homomorphism 
(3i : KoiVM.) — > Z such that Pi{X) = bi{X) for X compact nonsingular. 

There exists a unique ring homomorphism P{-,t) : Kq{Vm.) — > Z[t] such that P{X,t) = 
^■6i(X)t* for X compact nonsingular. 

Proof. By the Kiinneth formula, the classical Poincare polynomial P{X,t) = Yli^ii-^)^^ is 
multiplicative for compact nonsingular varieties. Thus the corollary follows from Proposition 



2.1 and Theorem 1.3. □ 



Definition 2.3. The integer Pi{X) is the ith. virtual Betti number of the real algebraic variety 
X, and the polynomial (3{X,t) = PiiX)f is the virtual Poincare polynomial of X. 
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Theorem 2.4. The virtual Poincare polynomial (3{X, t) is of degree n = dimX, and l3n{X) > 
0. In particular, [X] = \Y] implies dimX = dimy, and [X] ^ if X 



Proof. The proof of Theorem gives us formulas for Pi{X) in terms of a nonsingular com- 
pactification of X ( |1.3D (i) , or in terms of a stratification of X ( |1.3D (ii) . Using these formulas 
we establish the theorem by induction on the dimension of X. 

If dimX = then X is a finite set of points, so f3{X,t) = a, where a is the number of 
points of X. 

Suppose the theorem is true for varieties of dimension less than n, and X has dimension 
n. First suppose X is nonsingular. Let X be a nonsingular compactification of X, and let 
D = X\X. Then 

(3{X,t)=P{X,t)-(3{D,t). 

Since dim!) < n, the polynomial P{D, t) has degree less than n by inductive hypothesis. Since 
X is compact and nonsingular, P{X,t) is the Poincare polynomial of X, which is of degree n, 
with Pn{X) = bn{X) > 0. Thus f3{X,t) has degree n and Pn{X) > 0. 

Now if X is an arbitrary variety of dimension n, let X = |J Si be a stratification of X by 
nonsingular varieties Si. Then 

P{X,t)=Y,PiS^,t). 

i 

Since each stratum Si is nonsingular of dimension at most n, we have that P{Si,t) has degree 
at most n, and if l3{Si,t) has degree n then f3n{Si) > 0. So (3{X, t) has degree n and f3n{X) > 
0. □ 



Remark 2.5. In Quarez studies the Grothendieck ring Kq{S) of semialgebraic sets, which 



is generated by homeomorphism classes of semialgebraic sets with sum relation 1.1(2) and 
product given by |1.1| (3). He observes that [X] = [Y] in Ko{S) if and only if Xc{X) = Xc(^)- 
In particular, the class of a non-empty semialgebraic set can be zero in Kq{S), and two 
semialgebraic sets of different dimensions may represent the same class in Kq(S). This makes 
the construction of motivic measures — more precisely, completion with respect to virtual 
dimension — impossible for Kq{S). 

The generalized Euler characteristics 

/3(x,-i) = E.(-imw 

XciX) = Z^i-'^ydimHl{X■,Z2) 

are equal for X compact and nonsingular — they both equal the Euler characteristic x{^)- It 
follows from Theorem |1.3| that P{X,—1) = Xc{X) for all real algebraic varieties X. But in 
general Pi{X) ^ dimi7*(X; Z2). In fact Pi{X) can be negative for i < dimX, and the virtual 
Betti numbers Pi{X) are not topological invariants. 

Example 2.6. Consider the union of two intersecting ellipses, 

X = {{x, y) I (2x2 + y2 _ i)(^2 ^ _ ^ q|_ 

Let Xi and X2 be the two irreducible components of X. Then 

/3o(X) = (3o{Xi) + (3o{X2) - PoiXi n X2) = -2. 
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Example 2.7. For the "figure eight" curve 

X = {{x,y) I y^=x^-x''], 

the proper transform of X under the blowup of the plane at the origin is homeomorphic to a 
circle, and the preimage of the singular point of X is two points. It follows that (3i{X) = 1. 
Now consider a second "figure eight" curve 

Y = {(x, y) I ((x + if + y^- l)((x - 1)^ + y^ - I) = 0}. 

Since Y is the union of two circles tangent at the origin, it follows that /5i(y) = 2. But Y is 
homeomorphic to X. 

Example 2.8. Let S'^ be the unit n-sphere in M"+-'^. From the inclusion M"+^ c we have 
5" C 5"+^ R-om the decomposition 5"+^ = (5"+i\5")u5" we see that = -1. 

Now 5""+! \ 5" is homeomorphic to ]R"+i U but /?n(IR"+^ U M"+i) = 0. For S'"+i is the 

Alexandroff compactification of M"+i (c/. Q, p. 76), so /3„(M"+^) = 0. 

3. Complex varieties 



If we apply the complex versions of Theorem |1.3| and Proposition |2.1| to the Poincare 
polynomial 

Pc{X,t) = Y,d\mcH\X-C)t\ 

i 

we obtain a generalized Euler characteristic of complex algebraic varieties. This invariant is 
related to Deligne's mixed Hodge theory in the following way. 

For a complex algebraic variety X, the E -polynomial (or Hodge number characteristic) is 
given by 

E{X,u,v) = Y,{-^yK,,uPv'i, 

i,p,q 

where /ip ^ is the dimension of the {p, g)-component of the mixed Hodge structure on Hl{X; C). 
The £^-polynomial is a generalized Euler characteristic (see |^], |12|, |2C], [^). Therefore so is 
the weight characteristic 

(3.1) E{X,t,t)=Y,{-^r^,tK 

id 

The coefficients of the weight characteristic are given by 

w){X)= ^ h;^^{X) = dimcW;{X)/Wi_,{X), 

p+q=j 

where 

(3.2) C W^{X) C Wl{X) C • • • C W^{X) = Hi{X; C) 

is the weight filtration of cohomology with compact supports Q. 
If X is compact and nonsingular then W-_'^ = 0, so 

(bf{X) z=j 
1 i/j. 



w)iX) 
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where bf{X) = dime H^X; C), and thus the weight characteristic is the Poincare polynomial 
Pc{X, —t). In other words, for complex algebraic varieties the virtual Poincare polynomial is 
the weight characteristic evaluated at —t, and so the jth virtual Betti number is (—1)-' times 
the weight j Euler characteristic, 

pf{x) = {-iyY.^-i)mx). 

i 

The weight j Euler characteristic has been studied by Durfee [12|. The virtual Poincare 



polynomial has been used by Fulton ([|l3|, p. 92) to compute Betti numbers of toric varieties. 



Remark 3.1. Applying the complex versions of Theorem |l.3| and Proposition |2.l| to the 
Poincare polynomial with coefficients in Zp, p prime, we get further examples of general- 
ized Euler characteristics of complex algebraic varieties. The existence of these invariants 



also follows from the work of Gillet and Soule |14] 



Remark 3.2. One could study the Grothendieck ring of real algebraic varieties by means of 
complexification, that is by considering the isomorphism classes of pairs {Xq,t), where X^ 
is a complex algebraic variety with complex conjugation r. The real algebraic variety Xjr 
associated to (Xc,t) is the fix point set of r. We do not know how the generalized Euler 
characteristics of Xq and of Xr are related, except for the observation that 

Xc{Xc) = Xc{X^) mod 2. 

Note that a given real algebraic variety admits many different realizations as the fixed point 
set of conjugation on a complex variety. 



4. Weight filtration for real varieties 
It is natural to ask whether the virtual Betti numbers of real algebraic varieties are asso- 



ciated to a weight filtration on mod 2 cohomology with compact supports. Totaro |23| has 
announced that this is the case. The following examples show that a weight filtration for 
real varieties cannot have properties as strong as those of the weight filtration for complex 
varieties. 



We analyze two examples. Example 4.2, a curve in M , shows that a real weight filtration 



cannot have both the strict naturality property and the resolution of singularities property 



enjoyed by the complex weight filtration. Example O, a surface in R'^, shows that there is 
no natural real weight filtration such that the virtual Betti numbers are the weighted Euler 
characteristics. 

Definition 4.1. A real weight filtration W assigns to every real algebraic variety X, and to 
every i > 0, a filtration of the zth cohomology of X with compact supports and Z2 coefficients, 
of the form 

C Wl{X) C W{{X) C • • • C Wi{X) = Hi{X; Z2). 
If I^ is a real weight filtration, for all i, j we let 

w]{x) = dimz, w;{x)/w;_^{x). 
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We will consider the following properties of a real weight filtration. The classical complex 
weight filtration considered in the previous section has all of these properties. 

(1) Naturality. If / : X — y is an algebraic morphism, then for all i and j, 

f*W^{Y) C W^{X). 

(2) Strict naturality. If / : X — *■ F is an algebraic morphism, then for all i and j, 

f*W'j{Y) = W^{X)nlmf*. 

(3) Manifold. If X is compact and nonsingular, then for all i 

wuix) = o. 

(4) Resolution. If X is compact and p : X ^ X is a, resolution of singularities, then for 
all i 

W^_i{X) = Keip*. 

(5) Virtual Betti. For all X and all i, j > 0, the virtual Betti number is given by 

(5,{x) = {-iyY.^-i)^{x). 

i 

(6) Mayer- Vietoris. If A and B are closed subvarieties of X with A{JB = X and Af\B = 
C, then for all j the Mayer- Vietoris cohomology sequence restricts to an exact sequence 

^ wi{x) ^ w;{A) e wi{B) ^ wi{c) ^ wi+\x) 

(7) Pair. If A is a closed subvariety of X, then for all j the exact cohomology sequence 
of the pair restricts to an exact sequence 

— ^ wi{x \A)^ w;{x) ^ w^{A) ^ wi+\x \ ^) ^ • • • 

Clearly condition (2) implies (1), (4) implies (3), (7) and (3) imply (5). Since the virtual 
Betti numbers of a compact nonsingular variety equal the classical Betti numbers, the virtual 
Betti condition (5) implies the manifold condition (3). 

In the rest of this section we will write W{X) = H^{X;Z2). All the varieties we will 
consider are compact. 

Example 4.2. In with coordinates {x,y,z), let X be the intersection of the circular 
cylinder + = 1 with the union of the two parabolic cylinders x = z"^ and x = —z'^, 

X = {{x, y, z)\x'^ + y'^ = 1, {x - z'^){x + z^) = 0}. 

Thus X is topologically the union of two circles which are tangent at two points. Let X be the 
disjoint union of the two irreducible components of X, and let p : X ^ X he the resolution of 
singularities given by the inclusions of the components. Let C be the unit circle in the {x, y) 
plane, and let q : X C he the projection. Now dim.H^{X) = 3, and the sequence 

-^H\C) H\X) ^ H\X) ^0 
is exact. A real weight filtration on H^{X) has the form 

C W^{X) C W^{X) = H\X). 
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If this filtration has the resolution property, then pyg(X) = Kerp* = Imq*. Thus strict 
naturality of the weight filtration implies that q*WQ{C) = Wq{X). But the manifold property 
implies that Wq{C) = 0, which is a contradiction. 

Therefore a real weight filtration cannot satisfy both strict naturality (2) and resolution 
(4). This example can also be used to show that a real weight filtration cannot satisfy all three 
of the following conditions: strict naturality, the manifold condition, and the Mayer- Vietoris 
condition. 

To analyze the next example we first restate the virtual Betti condition (5) for surfaces. 
Let X be a 2-dimensional (compact) real algebraic variety. Consider a real weight filtration 
of H*{X), 

C W^iX) = H^{X) 
C W^{X) C Wl{X) = H\X) 
C W^{X) C W^{X) C W^{X) = H^(X). 

For i > let 6j be the ith mod 2 Betti number of X, and let /3j be the ith virtual Betti number 
of X. The non-negative integers Wj = dimWj{X)/Wj_i{X) satisfy the equations 

w?, = bo 



Wq + wI = hi 



(4.1) 



1 



Pi 



P2 



Given bo, bi, 62, /?o, Pi, P2, we wish to determine the possible values of w] which satisfy the 



equations (4J). If we arrange the w'j in an array 









w\ 


w'f 




< 




w^ 



then (|4.lD says that the sum of the ith. diagonal is bi and the alternating sum of the jth row 
is Pj {cf. the Mayer- Vietoris spectral sequence computation below). 

Example 4.3. Let X = Xi U X2 U X^ be the divisor with normal crossings in 3-space with 
smooth components Xi, X2, X3 defined as follows. 

Let Xi be the sphere of radius \/2 with center (1, 0, 0), 

Xi = {{x,y,z) I (x-lf + y^ + z^ = 2}. 

Let X2 be the sphere of radius \/2 with center (—1, 0, 0), 

X2 = {{x,y,z) I (x + 1)2 + 2/2 + ^2 ^2}. 

Then Xi n X2 is the circle of radius 1 in the {y, z) plane with center at the origin. 
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Let X3 be the torus of revolution which is a tube of radius with core the circle of 

radius 4 in the {y,z) plane with center (0,4,0), 



X3 = {(x, y, z)\x^ + (V(y-4)2 + z2 _ 4)2 = 1/2}. 

{X3 is defined by a polynomial equation of degree 4.) 

The torus X3 intersects each of the spheres Xi and X2 transversely along a simple closed 
curve. The torus X3 meets the circle Xi f] X2 transversely at four points g, r, s. The locus 
S of singularities of X is the union of the three loops Xi n X2, Xi n X3, X2 H X3, any two 
of which meet at the four points p, g, r, s. The natural stratification of X consists of the 
nonsingular points X \ S, the double points S \ {p, g, r, s}, and the triple points {p, g, r, s}. 
The stratum X \ S has 17 connected components, 6 on each sphere and 5 on the torus. All 
but one of these components is a topological 2-cell. The remaining component is a topological 
annulus. The stratum S \ {p, g, r, s} has 12 components, each of which is a 1-cell. So X has 
a cell structure with 4 0-cells, 13 1-cells, and 17 2-cells, with Euler characteristic 8. 

A computation with Mayer- Vietoris sequences (equivalent to the Mayer- Vietoris spectral 
sequence computation below) gives that 60 = ^1 = 1, and 62 = 8. The first homology 
group of X is generated by a circle on the torus X3 which is parallel to the core. The second 
homology group of X is generated by the boundaries of the 8 bounded connected components 
of \ X. 

Now we compute the virtual Betti numbers of X. For j = 0, 1, 2 we have 

f3j{X) = l3,{Xi) + l3,iX2) + Pj{X^) 

-f3j{Xi n X2) - f3j{Xi n X3) - /3j{X2 n x^) 
+(3jiXi nX2nXs ). 

Since the Xi n Xj are homeomorphic to circles and Xi n X2 H X3 is four points, we have 
Po = 4, /3i = -1, and P2 = 3. 

Let be a real weight filtration on the cohomology of X, and suppose that W is natural 
and satisfies the virtual Betti condition. Since 60 = Ij we have Wq = 1. Since /32 = 3 we 
obtain that W2 = 3. 

Since bi = 1, we have wl + wl = 1. Suppose that = 1. Then H^{X) = W^{X). But the 
inclusion / : X3 X induces an injection /* : H^{X) H^{X^). Since X3 is compact and 
nonsingular, it follows from the virtual Betti condition that W(|(X3) = 0. This contradicts 
the naturality statement f*W^{X) C W^{X:i). 

The remaining option is that w\ = 1, which implies by (|4.lD that w\ = 2 and Wq =?>. 



The subvariety Xi U X2 of X has 60 = 1, 61 = 0, 62 = 3, /9o = 1, (ii = -1, /?2 = 2. By (|1D 
we have wl{Xi U X2) = 0, wl{Xi U X2) = 1, and wl{Xi U X2) = 2. 

The subvariety Xi U X3 has 60 = 1, = 2, 62 = 3, /3o = 1, /3i = 1, /32 = 2. Now 
Wq{X?j) = 0, t(;J(X3) = 2, and the restriction H^{Xi U X3) ^ //^(X3) is an isomorphism. 
Therefore, by naturality of W, wl{XiUX^) = 0. By (|1|) we conclude that wl{Xi\JX^) = 0, 
Wi{Xi U X3) = 1, and w'2{Xi U X3) = 2. The same computation applies to X2 U X^. 

There exists a basis {ai, 02, 03, ai2, ais, 023, 6, c} of H'^{X) such that each restricts to the 
generator of H'^{Xi), and each aij restricts to a generator of Wi{Xi U Xj). (The class dual 
to ai in homology is represented by the surface Xi, and the class dual to aij in homology is 
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represented by the boundary of the intersection of the region inside Xi and the region inside 



Xj.) Let fi 
of W, for k 



Xi ^ X and fij 
= 0,1,2, 

^2/ 



Xi[JXj^X,l<i<j<3, be the inclusions. By naturahty 



f:w^{x) C W^{X,), f*,W^{X) C W^{X, U X,). 

It follows that the images of ai, a2, form a basis for and the images of 

^12) oi3) are independent in Wi{X)/Wq{X). Therefore wf > 3, which is a contradiction. 

Therefore a real weight filtration cannot satisfy both naturality (1) and the virtual Betti 
condition (5). This example can also be used to show that a real weight filtration cannot 
satisfy both the Mayer- Vietoris condition and the virtual Betti condition. 



It is instructive to compute for Example 4.3 the Mayer- Vietoris spectral sequence which 



expresses the cohomology of X in terms of the cohomology of its irreducible components Xi, 
X2, X^. Let X^ be the disjoint union of Xi, X2, and X3. Let X^ be the disjoint union of 

Xi n X2, Xi n X3, and X2 n x^. Let x2 = Xi n X2 n X3. 

The Mayer- Vietoris spectral sequence is the spectral sequence of the double complex C'^{XP), 
where C"^ is the group of singular cochains (mod 2). It converges to the cohomology of X (cf. 
|15|, ch. 2, §5). We have E^'^ = H''{X^). Since each Xi CiXj is homeomorphic to a circle and 
Xi n X2 n X3 is four points, we obtain the Ei term: 



i^2f 












i^2f 




(^2)^ 



Computing the differential di : E\'^ — > E\^ we find £"2: 



i^2f 












Z2 








The only possible non-zero differential dg'^ : £'2'^ — > e"^'^ has rank 1, and hence we obtain £3: 









Z2 






Z2 








Finally, d,. = for r > 3, so £3 = £00 • This computation gives that 60 = 1, 61 = 1, and 
62 = 8, as claimed above. 

The filtration W of the cohomology of X corresponding to the Mayer- Vietoris spectral 
sequence has w^j = dim£'^-''-'. The alternating sum of the ranks of the entries of the jth row 
of El is the virtual Betti number (3j. Because the jth row of E2 is the homology of the jth 
row of El , the alternating sum of the ranks of the entries of the jth row of E2 is also f3j . (This 
holds for the Mayer- Vietoris spectral sequence of any divisor with normal crossings.) Since 
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the differential ^2 is non-zero, the terms Er for r > 2 no longer have this property. Thus the 
filtration associated to the Mayer- Vietoris spectral sequence does not satisfy the virtual Betti 
condition. 
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